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Abstract. We provide a new proof of the limit theorem for sums of free random 
variables in a general infinitesimal triangular array. This result was proved by 
Chistyakov and Gotze using subordination functions. Our proof does not depend 
on subordination, and is close to the approach used in the case of arrays with 
identically distributed rows [5]. 



1. Introduction 

Given two probability measures fi, v on the real line R, we will denote by /i * v 
their classical convolution, and by /i EB v their free additive convolution. Thus, /i * v 
is the distribution of the sum X + Y, where X and Y are classically independent 
random variables with distributions \x and v, respectively. Analogously, fi EB v is the 
distribution of X + Y, where X and Y are freely independent random variables with 
distributions \i and v. 

A triangular array : n > 1, 1 < k < k n } of probability measures on R is said 
to be infinitesimal if 



lim max fi n k({t G R : \t\ > e}) = 

n^oo Kk<k n 



for every e > 0. The classical limit distribution theory for sums of independent 
random variables is concerned with the study of the asymptotic behavior of the 
measures 

fin = Vnl * A*n2 * • ' • * ^nk n * Tl > 1, 

where 5 Cn is the point mass at c n G R. Hincin [12] proved that any weak limit of such 
a sequence {fj, n }^ =l is an infinitely divisible measure. Later Gnedenko (see [llj and 
[To] ) found necessary and sufficient conditions for the convergence of the sequence 
{/in}^ to a given infinitely divisible measure. 
The analogous free convolutions 

v n = Uni EB /i n2 EB • • • EB n n k n EB 5 Cn 

have been also the subject of several investigations. The first result in this direction 
was an analogue of the central limit theorem proved by Voiculescu |16| . Later, 
Pata [H] proved that the free central limit theorem holds precisely under the same 
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conditions as the classical central limit theorem. The analogue of Hincin's theorem, 
i.e. the fact that the possible weak limits of v n are EB-infinitely divisible, was proved 
in |6j. Then it was shown in [5] that, in case c n = and [i n \ = /i„2 = • • • = /i n fc n , the 
measures /i n have a weak limit if and only if the measures v n do. The correspondence 
between the limit of fi n and the limit of v n was thoroughly studied in [HE]. 

The result of [5] was extended in [10] to arbitrary arrays and centering constants 
c n . The argument in [10] depends on two ingredients. The first is the fact that the 
classical centering of the measures in an infinitesimal array balances the real and 
the imaginary parts of the Cauchy transforms of the measures. The second is the 
existence of subordination functions as in [IH [9j E]. 

We will provide a proof of the main result of [10] which makes no use of subordi- 
nation functions, and is close to the argument of [5]. This approach also works for 
multiplicative free convolutions, as shown in [8]. 

The remainder of this paper is organized as follows. In Section 2 we describe the 
calculation of free convolution via Cauchy transform, and we provide some useful 
approximation results. The proof of the main result is in Section 3. 

2. Preliminaries 

Let M. be the collection of all Borel probability measures on R. The free analogue 
of the Fourier transform was discovered by Voiculescu p[7] (see also [13] and |7J). 
The details are as follows. Denote by C + = {z G C : Qz > 0} the upper half- 
plane, and set C~ = — C + . For a measure one defines its Cauchy transform 
G, : C+ - C- by 

poo 1 

G,{z) = / -— dfi(t), z G C + . 

J —oo z " 

Define the analytic function F M : C + — > C + by F^z) = 1/G^(z). Given a, (3 > 0, 
set T a = {z = x + iy& C + : \x\ < ay} and T aj/3 = {z = x + iy G T a : y > )3}, In [7] 
it is shown that F^(z)/z tends to 1 as z — > oo nontangentially to M (i.e., \z\ — > oo 
but ytz/^sz stays bounded; in other words, z G T a for some a > 0), and this implies 
that for every a > 0, there exists a (3 = /3(a,/i) > such that F M has a left inverse 
F~ x defined on T^p. The Voiculescu transform of the measure /i is then defined as 

(j)^(z) = F~ l (z) -z, z G r Qj/3 . 

We have ^(p^z) < for z G r Qj/3 , and 4>^{z) = o(\z\) as z — > oo nontangentially. 

The most important property of the Voiculescu transform is that it linearizes the 
free convolution. More precisely, if /x, v G M. then 

<Ppmu{z) = (j>n{z) + 4>„(z), 

for all z in any truncated cone T a ^ where all three functions involved are defined. 
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It was first noted in [6] that for any given cone r a / 3, 0^ is defined on r a> p as long 
as the measure \x puts most of its mass around the origin. 

Lemma 2.1. For every a,(3>0, there exists e > with the property that if jj G M. 
is such that fi({t G R : \t\> s}) < e, then M is defined in T a ^. 

The following theorem from [4] translates weak convergence of probability mea- 
sures in terms of convergence properties of their Voiculescu transforms. 

Theorem 2.2. Given a sequence {/j, n }^ =1 C M.. The following statements are 
equivalent: 

(1) fi n converges weakly to a measure \i G M. as n — > oo; 

(2) there exists a truncated cone Y a ^ such that functions /ln and M are defined 
in Y a>j3 , lim^oo (p^ n {iy) = <p^{iy) for all y> (3, and 4>^ n {iy) = o{y) uniformly 
in n as y — > oo. 

The following result is a reformulation of Propositions 2.6 and 2.7 in [5] which is 
more appropriate for our purposes. 

Proposition 2.3. Given an infinitesimal array {fj, n k '■ n > 1, 1 < k < k n } C M., 

and a, (3 > 0, the functions Mnfc are defined in Y a ^ for sufficiently large n, and 

1" 



where the sequence 



A/ 



[l + v nk (z)), 



v n (z) = max \v nk (z)\ 

l<k<k n 

satisfies lim^oo v n (z) = for all z G Y a $, and v n (z) = o(l) uniformly in n as 

z — > oo, z g r Qj/3 . 

Recall that a measure v G M. is said to be ^-infinitely divisible if for each n G N, 
there exists a measure /x n G M. such that 



"V" 

n times 



The notion of * -infinite divisibility is defined similarly. The well-known Levy-Hincin 
formula characterizes the *-infinitely divisible measures in terms of their Fourier 
transform as follows: a measure v is ^-infinitely divisible if and only if there exist 
7 G R and a finite positive Borel measure a on R such that the Fourier transform v 
is given by 



0{t) = exp 



itx \ 1 + x 



2 



t G 



Here {e ttx — 1 — is interpreted as — 1 2 /2 for x = 0. We will denote by z/J ,CT 

the *-infinitely divisible measure determined by 7 and a. The free analogue of the 
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Levy-Hincin formula is proved in [7]. A measure v G M. is EB-infinitely divisible if 
and only if there exist 7 G K and a finite positive Borel measure a on M such that 

/"°° l + tz 
7+/ ——rda(t), zeC + . 

J -00 z * 

We will denote the above measure 1/ by z/g j '°'. The following result is from [8]. We 
reproduce the short proof here because we actually require inequalities (2.1) and 
(2.2). 

Lemma 2.4. Consider a sequence {rn}^^ C M. and two triangular arrays {z n ^ : 
n > 1, 1 < A; < &;„}, {w n (; : n > 1, 1 < k < /c n } 0/ complex numbers. Assume that 

(1) 3w ni t > 0, /or n > 1 and 1 < k < k n . 
(2) 

= max \£ n k\ 
i<k<k„ 

converges to zero as n — > 00. 
(3) There exists a positive constant M such that for sufficiently large n, 



nk- 



Then the sequence {r n + Y2k=i z nk}^=i converges if and only if the sequence {r n 
Y2k=i w nk}%Li converges. Moreover, two sequences have the same limit. 

Proof. The assumptions on {z n k} n ,k and {w n k} n ,k imply 



(2.1) 
and 



k=l / \ k=l 



k'n 



< 2(1 + M)e n [J2^ w nk 



v fc=i 



(2.2) (1 - e n - Me n ) ^ Wnk ^ 



kn 



k=l 



for sufficiently large n. If the sequence {r n + J2k=i ^nfcln^i converges to a complex 



number z, (2.2) implies that {Ylk=i'^ Wnk }'n=i * s bounded, and then (2.1) shows 



that the sequence {r n + Ylk=i w nk} n < Li also converges to z. Conversely, if {r n + 
E fe =i Wnk\n=i converges to z, then the sequence 

1 ^>Wnk}^=i is bounded and 

hence by (2.1) the sequence {r n + Y^k=i w nk}n%i converges to z as well. □ 

3. Proof of the Main Result 

Given an infinitesimal triangular array {fi n k '■ n > 1, 1 < k < k n } C A4, define 
constants 

O-nk = t d/J, n k(t), 

J\t\<l 
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and measures [i nk by 

Note that maxi<fc<fc n |a n fc| — > as n — > oo, and this implies that {/I n fc}n,fc is also an 
infinitesimal array. Define the analytic function 

1" 



fnk( z ) = Z 

and the real- valued function 

bnk{y) = 



a u\ , f (t~a nk )y 2 

\t\>i J\t\>i y + {t - v-nkY 



y> l. 



Observe that Qf n k(z) < if > 0, and f n k{z) = o(\z\) as 2 — > oo nontangentially. 
The following lemma is related with a calculation in Section 4 of [TO] . 

Lemma 3.1. For y > 1, we have for all n G N, 

\^[fnk(iy) - Kk{y)\\ < 2 \3fnk(iy)\ , 

anc? /or sufficiently large n, 

Wr*(iy)\ < (3 + 6y)Wn k (iy)\, 

where 1 < k < k n . 



Proof. Note that for y > 1, and neN 



fnk(iy) 



'-oo y 2 + (t- a nk ) 



dHnk{t) 



{t - a nk fy 

s 2 2 afx nk {i)- 



{t - a nk ) 2 + y' 



Moreover, since Jj f | <:l (t - a nk ) d/i nk (t) = Jj^ a nk dfi nk (t), we have 



\^[fnk(iy) ~ b 



nk 



! \t\<l 



(t - a n k)y 2 
y 2 + (t- a nk/ 

— (t — a nk ) 3 



■dfi n k(t) - {t- a 



nk i 



djJ, n k(t) 



■ dfi nk (t) 



<2\Zf nk (iy)\. 



>\t\<i y 2 + (t- ank) 

Note that the infinitesimality of the family {{i nk } ntk , implies that there exists N G N 
such that \a nk \ < 1/2, for all n > N, 1 < k < k n . Therefore, for n > N, 



&nk dHnk{t) 



\t\>l 



< \a nk \ (1 + V) 



{t — a 



nk , 



\t\>i y 2 +(t-a 



■dn nk {t) 



nk i 



< \±^L \%U{iy)\ < (1 + 4y) m nk (iy)\ 



and since 2x 2 > \x\ when |x| > |, we have 
f {t- a nk )y 2 



\t\>i y 2 + (t - a n k) 2 
Hence the second inequality follows. 



d/j, nk (t) 



< 2y\$$f nk (iy)\ 



□ 



Lemma 3.2. Given (3 > 1, let T a ^ be a truncated cone where all the functions Mnfe 
are defined, and let {c n }^ =l be a sequence of real numbers. 

(1) For any y > (3, the sequence {c n + Ylk=i ) }n?=i converges if and only 
the sequence {c n + Ylk=i l ank + fnk(w)]}^=i converges. Moreover, the two 
sequences have the same limit. 

(2) // 

poo j/2 

L = sup / T— 7! dPnkit) < °°> 

then c n + Xlfc=i finnk (w) = °(v) uniformly in n as y — > 00 if and only if 
c n + Ylk=i i a nk + fnk(iy)} = o(y) uniformly inn as y -> 00. 



Proof. Fix y > (3. From Proposition 2.3 applied to {A* n fc} n ,fc, we have 
(3.1) - (f>» nk (iy) + dak = ~(/>p nk (iy) = -fnk(iy) ■ (1 + v nk (iy)), 

where the functions 

v n (iy) = max \v nk (iy)\ 

l<k<k n 

converges to zero as n — > 00. Then (1) follows from Lemma 3.1 and Lemma 2.4 by 
choosing z nk = -<P^ nk (iy) + a nk , w nk = -f n k{w) and r n = -c n - J2k=i 
We next prove (2). From (3.1), we have 

z'nkiw) = Kkiw) ■ (1 + v nk (iy)), 

where z' nk {iy) = -(/)^ nk (iy) + a nk + b nk (y) + b nk (y)v nk (iy) , and w' nk (iy) = -f n k(iy) + 
b nk (y). Lemma 3.1 implies that for all n G N, and 1 < k < k n , 

\Mw' nk (iy)\<2mnk(iy)\: y>P- 

Since maxi<fc<fc n \a nk \ — > as n — > 00, there exists iV G N such that |a„fc| < 1/2, for 
all n > N, 1 < k < k n . Therefore, for n> N, and y > (3 > 1, 



J^IM^I < / o d ^nk(t)+yJ2 

k=i k=i J \t\>i 2 fc =i ^ 



(i - Qnfc)?/ 



+ (i - a nk ) 



dHnk{t) 



< (1 + v) y2 / o ^«fe(o < % / k d vnk(t) 

k =i J \t\>i 2 k= iAt\>i b 



(t — a nk ) 



1*71 p 

< 5 yJ2 v" dn nk {t) < 5yL. 

t^J\t\>i 1 + {t-ankV 



Since v n {iy) — o(l) uniformly in n as y — > 00, by decreasing the cone we may assume 
that v n {iy) < 1/6, for all y > (3, and n G N. Define r^(y) = — c n — Ylk=i a nk — 
Ylk=i b nk(y)- Replacing r n , z nk , w nk by r' n , z' nk , and w' nk respectively in inequalities 
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(2.1) and (2.2), we deduce that 



k'n 



< 



k=l 



+ 5yLv n (iy), 



and 



< 



kn 

^2^i*nk(w) +5yLv n (iy), 

k=l k=l 

for all n > N, and y > (3. Hence the result follows from the facts that v n {iy) = o(l) 
uniformly in n as y — > oo, and that (2) holds uniformly for n in a finite subset of 
N. □ 



Fix a real number 7 and a finite positive Borel measure a on R. 



Theorem 3.3. For an infinitesimal array {/i n fc}n,fc C M. and a sequence {c n }^L 1 C 
R, the following statements are equivalent: 

(1) The sequence /i n i EB /z„2 EB ■ ■ ■ EB [L nkn EB <5 Cn converges weakly to ' ; 

(2) The sequence /i n i * // n2 * ■ • • * jj, nkn * <5 Cn converges weakly to v2' a ; 

(3) TTie sequence of measures 

kn ^2 
k=l 

converges weakly on R to a, and the sequence of numbers 

kn 

in = c n + y^ j 

k=l 

converges to 7 as n —> 00. 



Q>nk T 



1+t 2 



dHnk{t) 



Proof. The equivalence of (2) and (3) is classical (see [Hi [H]). We will prove the 
equivalence of (1) and (3). Assume that (1) holds. By Theorem 2.2, there exist 
a > and (3 > 1 such that (p^ nk are defined on T a ^, and we have 

lim Ainl ffl Mn2 ffl...ffl Atnfcn ffl«5 Cn (iy) = <f> v ^'(iy), y > p. 

Since 

<PfM nl mt, n2 m-mt, nkn ms Cn (z) = c n + y> M „ fc (z), z e r Q;/3 , 

fc=i 

we have 

Km I c„ + ^ </> Mnfc (n/) J = (t>v^(iy), 
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for all y > P, and c n + Y^k=i ^^nki^v) = (v) uniformly in n as y — > oo. By Lemma 
3.2, 



(3.2) 



lim \c n + Y] [a nk + fnkiiy)} = <p u i,°{iy), y > ft. 



fc=i 



Note that for z G C + , n G N, 



t2 

z - t 
t 

1 + t 2 
t 



1 + t 2 



d]J nk (t) + 



-oo 
oo 



tz 



z-t 1 + t 2 



1 + tz 



z-t 



1 + t 2 



d^nki 1 ) 

dp nk (t). 



We conclude that 
(3.3) 



fc=l 



1 + 



dcr n (i). 



Since $sf n k(z) < for z G C+, {c n + Xlfcli [ a nfc + /nfe(^)]}^=i is a normal family of 
analytic functions in C + , and from (3.2) the sequence has pointwise limit (p u i^(z) for 

EB 

all z = iy, y > f3. It is an easy application of the Montel Theorem that (3.2) holds 
uniformly on compact subsets of C + . Hence (3.3) and the formula of § v i,<> imply, at 

EB 

z — i, that 

poo i +t 2 

lim cr n (R) = lim / da n (t) 

n— >oo n— >oo J _ OQ 1 + t z 

= lim -3 c„ + V] [a„ fc + /nfc(i)] 



k=l 



Thus, 



L = sup a n 

n>l 



= lim -3(W(i) 
= cr(R). 

^™ /"OO 

sup 



n>l 



k=l 
h 



1+t 2 



dp nk {t) < oo. 



By Lemma 3.2, this implies that c n + J2k=i i a nk + fnk(w)] — °{y) uniformly in n as 
y — > oo. For y > n G N, note that 

I f°° i _i_ f 2 1 f kn \ 

^n{{\t\ >y})< / 2 2 <&7n(*) = $ C ™ + S [° nfc + " 

^ j-coV +t y \ k=1 j 

Since c n + J^fcli [anfc + fnk(iy)] — °{y) uniformly in n as y — > oo, we conclude that 
{ff n }™ =1 is a tight family. Let a' be a weak cluster point of {c n }^i and a subsequence 
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{&nj}jLi converges weakly to a'. Hence, for any z = x + iy G r Qj/ g, we have 



[l+t 2 )da'(t) 



( 



(x — t) 2 + y 2 



— lim 3 

j— >oo 



V 



fe=l 



[1 + t 2 )da{t). 



(x - t) 2 + y 2 

Therefore, the Poisson integrals of the measures (1 +t 2 ) da'(t) and (1 + t 2 ) da(t) are 
identical since they coincide on an open subset of C + . Thus, a' = a. Since the tight 
family {<r n }^ =1 has a unique weak cluster point, they must converge weakly to a. 
Moreover, we deduce that lim n ^ 00 7 ri = 7 from (3.2) and (3.3). 

To prove the converse, assume the sequence of measures {cr n }^ ( i 1 converges weakly 
to a and the sequence { r y n } ( £ = i converges to 7 as n — > 00. Then, {<j n }™ =l is a tight 
family and in particular 

L = sup<7 n (R) < 00. 



From Lemma 2.1 and the infinitesimality of the array {fi n k}n,k, there exists a trun- 
cated cone T a i£i with f3' > 1 such that all Mnfc are defined in T a i^i. Combine the 
inequality 

1 + ity 



iy - t 



<V, 



teR,y>l. 



with (3.3) to obtain 

lim \c n + y~] [a nk + fnkiiy)} ) = <t>v^ (w) > V > I 3 '- 



fc=l 



Hence by Lemma 3.2, 



lim c n + ^ Mnfe (^) = ^(iy), y > 13' ■ 



k=i 



Also, note that for any M > and y > f3' > 1, we have 



c ™ + $Z [ flrifc + fnkiiy)] 



k=i 



< 



< 



< 



l7n| 1 
|7n 



1 + % 



1 

+ - 



- t 

i + \t\y 



y y J\t\<M ^y 2 + t 2 

| 7n | , L(l + My) 



dflr n (t) 

d<7 n (*) + a n ({\t\ > M}) 



+ 



+ ^n({|*| >M}). 



y y 

Therefore, it follows from the convergence of {7 n }^Li and the tightness of the family 
Wn)n=i that Cn + Y^lli [dnk + fnk{iy)} = o(y) uniformly in n as y -> 00 . By Lemma 
3.2 again, c n + Ylk^i^^nk^y) = °(v) uniformly in n as y — > 00. Statement (1) now 
follows from Theorem 2.2. □ 



9 



References 



[I] 0. E. Barndorff-Nielsen and S. Thorbj0rnsen, Self-decomposability and Levy processes in free 
probability, Bernoulli 8 (2002), no. 3, 323-366. 

[2] O. E. Barndorff-Nielsen and S. Thorbj0rnsen, A connection between free and classical infinite 

divisibility, Infin. Dimens. Anal. Quantum Probab. Relat. Top. 7 (2004), no. 4, 573-590. 
[3] S. T. Belinschi and H. Bercovici, Atoms and regularity for measures in a partially defined free 

convolution semigroup, Math. Z. 248 (2004), no. 4, 665-674. 
[4] H. Bercovici and V. Pata, The law of large numbers for free identical distributed random 

variables, Ann. Probab. 24 (1996), 453-465. 
[5] , Stable laws and domain of attraction in free probability, with an appendix by Ph. 

Biane, Ann. Math. 149 (1999), 1023-1060. 
[6] , A free analogue of Hincin's characterization of infinite divisibility, Proc. Amer. Math. 

Soc. 128 (2000), no. 4, 1011-1015. 
[7] H. Bercovici and D. V. Voiculescu, Free convolution of measures with unbounded support, 

Indiana Univ. Math. J. 42 (1993), no. 3, 733-773. 
[8] H. Bercovici and J. C. Wang, Limit theorems for free multiplicative convolutions, (2006) 

preprint. 

[9] Ph. Biane, Processes with free increments, Math. Z. 227 (1995), no. 1, 143-174. 
[10] G. P. Chistyakov and F. Gotze, Limit theorems in free probability theory I, Arxiv: math. 
PS/0602219. 

[II] B. V. Gnedenko and A. N. Kolmogorov, Limit distributions for sums of independent random 
variables, Addison- Wesley Publishing Company, Cambridge, Massachusetts, 1954. 

[12] A. Hincin, Zur Theorie der unbeschranktteilbaren Verteilungsgesetze, Mat. Sb. 2 (1937), 79-119. 
[13] H. Maassen, Addition of freely independent random variables, J. Funct. Anal. 106 (1992), no. 
2, 409-438. 

[14] V. Pata, The central limit theorem for free additive convolution, J. Funct. Anal. 140 (1996), 
no. 2, 359-380. 

[15] V. V. Petrov, Limit theorems of probability theory, Oxford Univ. Press, 1995. 

[16] D. V. Voiculescu, Symmetries of some reduced free product C* -algebras, Operator Algebras and 

their connections with Topology and Ergodic Theory (Bu§teni, 1983). Lecture Notes in Math. 

1132, Springer, Berlin, 1985, 556-588. 
[17] , Addition of certain noncommuting random variables, J. Funct. Anal. 66 (1986), no. 3, 

323-346. 

[18] , The analogues of entropy and of Fisher's information measure in free probability theory. 

I, Comm. Math. Phys. 155 (1993), no. 1, 71-92. 



10 



